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Strongly regular graphs from weakly regular
plateaued functions
Sihem Mesnager∗ Ahmet Sınak†
Abstract
The paper provides the first constructions of strongly regular graphs and
association schemes from weakly regular plateaued functions over finite fields
of odd characteristic. We generalize the construction method of strongly regu-
lar graphs from weakly regular bent functions given by Chee et al. in [Journal
of Algebraic Combinatorics, 34(2), 251-266, 2011] to weakly regular plateaued
functions. In this framework, we construct strongly regular graphs with three
types of parameters from weakly regular plateaued functions with some homo-
geneous conditions. We also construct a family of association schemes of class
p from weakly regular p-ary plateaued functions.
Keywords Association schemes, Partial difference sets, Strongly regular graphs,
Weakly regular plateaued functions.
1 Introduction
Certain combinatorial objects such as association schemes and strongly regular graphs
have a diverse applications in many areas, especially coding theory and cryptogra-
phy. It was shown in a few paper [1, 2, 8, 9] that these combinatorial objects may be
constructed from weakly regular bent functions over finite fields of odd characteristic.
With in this framework, we make use of in this paper for the first time the weakly
regular plateaued functions to construct association schemes and strongly regular
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graphs. The paper is organized as follows. The rest of this section settles the neces-
sary notations and background of this paper. In Section 2, we first give a family of
p-class association schemes from weakly regular plateaued functions over finite fields
of characteristic p. We next construct three types of strongly regular graphs from
weakly regular plateaued functions over finite fields of odd characteristic.
1.1 Difference Sets
Group rings and character theory are necessary tools to handle difference sets. The
reader is referred to [7] for the group rings, to [3] for the character theory on finite
fields and to [4] for difference sets.
Let G be a (multiplicative) group of order v. A k-subset D of G is called a
(v, k, λ) difference set if each non-identity element of G can be represented as gh−1
(g, h ∈ D, g 6= h) in exactly λ ways. Then, D is a (v, k, λ) difference set in G if and
only if the following equation holds in the group ring Z[G]:
DD(−1) = (k − λ)1G + λG,
where D =
∑
d∈D d, D
(−1) =
∑
d∈D d
−1 and G =
∑
g∈G g. Moreover, A k-subset D
of G is called a (v, k, λ, µ) partial difference set (PDS) if each non-identity element
in D (resp., G \D) can be represented as gh−1 (g, h ∈ D, g 6= h) in exactly λ (resp.,
µ) ways. It is usually assumed that the identity element 1G of G is not involved in
D. By the group ring notation, D is a (v, k, λ, µ) PDS in G if and only if
DD(−1) = (k − µ)1G + (λ− µ)D + µG. (1)
For λ 6= µ, we have D(−1) = D. A well-known example of PDS is the Paley PDS.
Strongly regular graphs (SRGs) are the certain combinatorial objects associated with
partial difference sets. Given a PDS D with λ 6= µ in G, one can construct a strongly
regular Cayley graph, Cay(G,D), whose vertex set is G and two vertices g, h are
joined by an edge if and only if gh−1 ∈ D. The following proposition states the
connection between SRGs and PDSs.
Proposition 1. [4] A k-subset D of G is a (v, k, λ, µ)-PDS in G with 1G /∈ D and
D(−1) = D if and only if a Cayley graph Cay(G,D) is a (v, k, λ, µ) SRG.
1.2 Association schemes and Schur rings
Let V be a finite set of vertices and {G0, G1, . . . , Gd} be binary relations on V with
G0 = {(x, x) : x ∈ V }. Then the decomposition (V ;G0, G1, . . . , Gd) (shortly, it may
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be represented as (V, {Gi}0≤i≤d)) is called an association scheme of class d on V
provided that the following properties hold:
- V × V = G0 ∪G1 ∪ · · · ∪Gd and Gi ∩Gj = ∅ for i 6= j;
- tGi = Gi′ for some i
′ ∈ {0, 1, . . . , d}, where tGi = {(x, y) : (y, x) ∈ Gi}; (If
i′ = i, then we call Gi symmetric.)
- for i, j, k ∈ {0, 1, . . . , d} and x, y ∈ V with (x, y) ∈ Gk, the number pkij :=
#{z ∈ V : (x, z) ∈ Gi, (z, y) ∈ Gj} is a constant.
An association scheme is said to be symmetric if each Gi is symmetric. One of
the well-known construction methods of association schemes is to use Schur rings.
Let G be a finite Abelian group and Di, 0 ≤ i ≤ d, be nonempty subsets of G with
the following properties:
- D0 = {1G};
- G = D0 ∪D1 ∪ · · · ∪Dd and Di ∩Dj = ∅ for i 6= j;
- D
(−1)
i = Di′ for some i
′ ∈ {0, 1, . . . , d}, where D(−1)i = {g−1 : g ∈ Di};
- DiDj =
∑d
k=0 p
k
ijDk for all 0 ≤ i, j ≤ d, where pkij are integers.
Then the subset 〈D0, . . . , Dd〉 in C[G] spanned by D0, . . . , Dd is called Schur ring
over G. The configuration (G, {Gi}0≤i≤d) forms an association scheme of class d on
G, where Gi := {(g, h) : gh−1 ∈ Di} for 0 ≤ i ≤ d. For more detail on association
schemes, the reader is referred to [11].
1.3 Weakly regular plateaued function
In this subsection, we set the basic notations and previous results related to weakly
regular plateaued functions. We first fix the following notations throughout this
paper unless otherwise stated.
- Z is the ring of integers and C is the field of complex numbers,
- p is an odd prime and q = pn is an n-th power of p with a positive integer n,
- Fpn is the finite field with p
n elements and F⋆pn := Fpn \ {0} is a cyclic group,
- The trace of α ∈ Fpn over Fp is defined by Trn(α) = α+αp+αp2 + · · ·+αpn−1,
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- ξp = e
2πi/p is the complex primitive p-th root of unity, where i =
√−1 is the
complex primitive 4-th root of unity,
- SQ and NSQ denote respectively the set of all squares and non-squares in F⋆p,
- p∗ = η0(−1)p, where η0 is the quadratic character of F⋆p.
The function χ from Fq to C defined as χ(x) = ξ
Trqp(x)
p for x ∈ Fq is called the
canonical additive character of Fq. An additive character of Fq has additive property:
χ(x1 + x2) = χ(x1)χ(x2) for all x1, x2 ∈ Fq. Let f : Fpn −→ Fp be a p-ary function.
The Walsh transform of f is given by:
χ̂f(β) =
∑
x∈Fpn
ξp
f(x)−Trn(βx), β ∈ Fpn.
A function f is said to be balanced over Fp if χ̂f(0) = 0; otherwise, f is called
unbalanced. The notion of plateaued functions was first introduced in characteristic
2 by Zheng and Zhang [12] in 1999. A function f is said to be p-ary s-plateaued if
|χ̂f(β)|2 ∈ {0, pn+s} for every β ∈ Fpn, where s is an integer with 0 ≤ s ≤ n. In the
case of s = 0, the 0-plateaued function is the bent function. From [5], an s-plateaued
f is said to be weakly regular if there exists a constant complex number u having
unit magnitude such that
χ̂f(β) ∈ {0, up(n+s)/2ξg(β)p }
for all β ∈ Fpn, where g is a p-ary function over Fpn with g(β) = 0 for all β ∈
Fpn \Supp(χ̂f); otherwise, f is said to be non-weakly regular. Indeed, weakly regular
f is said to be regular if u = 1. For example, all quadratic functions are the weakly
regular plateaued functions (see [6, Proposition 3]). The Walsh support of plateaued
f is defined by Supp(χ̂f) = {β ∈ Fpn : |χ̂f(β)|2 = pn+s}. The Parseval identity
is given by
∑
β∈Fpn
|χ̂f(β)|2 = p2n. The absolute Walsh distribution of plateaued
functions follows directly from the Parseval identity.
Lemma 1. Let f : Fpn → Fp be an s-plateaued function. Then for β ∈ Fpn, |χ̂f(β)|2
takes pn−s times the value pn+s and pn − pn−s times the value 0.
Lemma 2. [5] Let f : Fpn → Fp be a weakly regular s-plateaued function. Then for
all β ∈ Supp(χ̂f ), we have χ̂f(β) = ǫ√p∗n+sξg(β)p , where ǫ = ±1 is the sign of χ̂f and
g is a p-ary function over Supp(χ̂f ).
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Let f : Fpn → Fp be a weakly regular p-ary s-plateaued unbalanced function,
where 0 ≤ s ≤ n. In [6], we denote by WRP the set of these functions satisfying the
following two properties: f(0) = 0 and there exists a positive even integer h with
gcd(h − 1, p− 1) = 1 such that f(ax) = ahf(x) for any a ∈ F⋆p and x ∈ Fpn. In the
following section, we make use of these functions to construct association schemes
and partial difference sets.
Lemma 3. [6] Let f ∈ WRP . Then for any β ∈ Supp(χ̂f ) (resp., β ∈ Fpn \
Supp(χ̂f)), we have zβ ∈ Supp(χ̂f ) (resp., zβ ∈ Fpn \ Supp(χ̂f)) for every z ∈ F⋆p.
Proposition 2. [6] Let f ∈ WRP , then there exists a positive even integer l with
gcd(l − 1, p− 1) = 1 such that g(aβ) = alg(β) for any a ∈ F⋆p and β ∈ Supp(χ̂f ).
We now define the subsets
Df,j = {x ∈ Fpn : f(x) = j} (2)
for every j ∈ Fp and
Lt =
p−1∑
j=0
Df,jξ
jt
p (3)
for every t ∈ Fp, in particular, we have L0 = Fpn (here Lt can be seen as an element
of the group ring C[(Fpn,+)]). Clearly, we have
∑p−1
j=0 Df,j = Fpn and Df,i∩Df,j = ∅
for i 6= j, which implies that Df,j’s are the partition of Fpn. Moreover, for every
j ∈ Fp we have D(−1)f,j = Df,j and the following may be easily observed
Df,j =
1
p
p−1∑
t=0
Ltξ−jtp . (4)
Lemma 4. [6] Let n + s be an even integer and f : Fpn → Fp be an unbalanced
function with χ̂f (0) = ǫ
√
p∗
n+s
, where ǫ = ±1 is the sign of χ̂f . We denote by Nf(j)
the size of the set Df,j defined in (2) for every j ∈ Fp. Then,
Nf(j) =
{
pn−1 + ǫη0(−1)(p− 1)√p∗n+s−2, if j = 0,
pn−1 − ǫη0(−1)√p∗n+s−2, if j ∈ F⋆p.
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2 The construction of association schemes and strongly
regular graphs
This section generalizes the construction methods given in [1, 2, 8] of association
schemes and partial difference sets from weakly regular bent functions to weakly
regular plateaued functions over finite fields of odd characteristic. Throughout this
section, the group G is an additive group of (Fpn,+).
2.1 A family of association schemes of class p from weakly
regular p-ary plateaued functions
In this subsection, we give a family of p-class association schemes from weakly regular
plateaued functions over Fp. To do this, we first need the following properties of the
Lt’s.
Lemma 5. Let f ∈ WRP and l be given by Proposition 2. Let Df,j and Lj be given
by (2) and (3) for every j ∈ Fp, respectively. For k, t ∈ F⋆p,
i.) if k + t 6= 0, we have LtLk = ǫηn+s0 (ktv)
√
p∗
n+sLv, where ǫ = ±1 is the sign of
χ̂f and v = (k
1−l + t1−l)
1
1−l ;
ii.) LtL−t = pn;
iii.)
∑p−1
t=1 LtL0ξ−jtp = (p#Df,j − pn)Fpn for j ∈ Fp.
Proof. For β ∈ Fpn, applying an additive character χβ of Fpn to Lt for t ∈ F⋆p, we
have
χβ(Lt) =
p−1∑
j=0
χβ(Df,j)ξ
jt
p =
∑
x∈Fpn
ξtf(x)+Tr(βx)p = σt(χ̂f(t
−1β))
=
{
0, if β ∈ Fpn \ Supp(χ̂f ),
ǫηn+s0 (t)
√
p∗
n+s
ξ
t1−lg(β)
p , if β ∈ Supp(χ̂f),
where we used Lemma 3 and Proposition 2 in the last equality and g is a p-ary
function over Supp(χ̂f). We now prove (i). If k + t 6= 0, then for β ∈ Supp(χ̂f)
χβ(LtLk) = ǫ2ηn+s0 (tk)(
√
p∗
n+s
)2ξ
(k1−l+t1−l)g(β)
p
= ǫηn+s0 (tkv
−1)
√
p∗
n+s
ǫηn+s0 (v)
√
p∗
n+s
ξ
v1−lg(β)
p
= ǫηn+s0 (tkv)
√
p∗
n+s
χβ(Lv),
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where we used the fact that η0(tkv
−1) = η0(tkv) for v ∈ F⋆p in the last equality. This
implies that we have LtLk = ǫηn+s0 (tkv)
√
p∗
n+sLv with k1−l + t1−l = v1−l. Notice
that a1−l + b1−l = 0 if and only if a+ b = 0 for a, b ∈ Fp since (l − 1, p− 1) = 1. We
now prove (ii). For t ∈ F⋆p, we clearly have
χβ(LtL−t) =
{
0, if β ∈ Fpn \ Supp(χ̂f ),
ηn+s0 (−1)(p∗)n+s = pn+s, if β ∈ Supp(χ̂f).
From the fact that #Supp(χ̂f) = p
n−s by Lemma 1, the proof is complete. The proof
of (iii) follows from simple computations (see [8, Lemma 5]).
It is worth noting that the equalities in Lemma 5 should be seen as equalities
in the group ring C[(Fpn,+)]. Indeed, the right hand side of the equality in (ii) is
really pn · 0, where 0 is the identity of the additive group of Fpn. We can derive from
Lemma 5 the following reasonable fact.
Lemma 6. Let f ∈ WRP , l be given by Proposition 2 and Df,j be given by (2) for
every j ∈ Fp. Then for a, b ∈ Fp
p2Df,aDf,b =
p−1∑
k=1
pnξk(a−b)p + (p(#Df,a +#Df,b)− pn)Fpn
+ǫ
√
p∗
n+s
p−1∑
k,t=1
k+t6=0
ηn+s0 (tkv)ξ
−at−bk
p Lv,
where v = (k1−l + t1−l)
1
1−l .
Proof. For a, b ∈ Fp, by (4) we have
p2Df,aDf,b =
p−1∑
k,t=0
LtLkξ−at−bkp
= L20 +
p−1∑
k,t=1
k+t6=0
LtLkξ−at−bkp +
p−1∑
k=1
LkL−kξk(a−b)p +
p−1∑
k=1
LkL0ξ−bkp +
p−1∑
t=1
LtL0ξ−atp
= pnFpn +
∑
k,t,k+t6=0
k1−l+t1−l=v1−l
ǫηn+s0 (tkv)
√
p∗
n+s
ξ−at−bkp Lv +
p−1∑
k=1
pnξk(a−b)p
+(p#Df,b − pn)Fpn + (p#Df,a − pn)Fpn,
which completes the proof.
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We can derive from Lemma 6 that for a, b ∈ Fp,
p2Df,aDf,b = c+
p−1∑
j=0
djDf,j, (5)
where c = pn(pδa−b − 1) with δ the Kronecker symbol, and
dj = p(#Df,a +#Df,b)− pn + ǫ
√
p∗
n+s
p−1∑
k,t=1,k+t6=0
k1−l+t1−l=v1−l
ηn+s0 (tkv)ξ
vj−at−bk
p ,
which implies that Df,aDf,b can be written as a linear combinations of the Df,j’s.
We now show that {0}, Df,0 \ {0}, Df,1, Df,2, . . . , Df,p−1 span a Schur ring.
Theorem 1. Let f ∈ WRP and l be given by Proposition 2. We define the sub-
sets Af,0 = {0} and Af,j = {x ∈ F⋆pn : f(x) = j − 1} for 1 ≤ j ≤ p. Then
Af,0, Af,1, . . . , Af,p span a Schur ring.
Proof. Notice that Af,1 = Df,0 \ {0} and Af,j = Df,j−1 for j ∈ {2, . . . , p}. We
then conclude from (5) that Af,aAf,b, for a, b ∈ Fp, can be represented as linear
combinations of the Af,j’s. Notice that Af,aAf,b has integer coefficients and the
Af,j ’s are disjoint. Hence, the proof is complete from the definition.
Theorem 1 says that the configuration {Fpn;G0, G1, . . . , Gp} is an association
scheme of class p on Fpn, where
Gj = {(g, h) : gh−1 ∈ Af,j}
for every j ∈ Fp. The scheme is symmetric since A(−1)f,j = Af,j for each j ∈ Fp.
2.2 Strongly regular graphs from weakly regular plateaued
functions
In this subsection, we generalize the construction method of strongly regular graphs
given by Chee et al. [1] and by Feng et al. [2] from weakly regular bent functions to
weakly regular plateaued functions over finite fields of odd characteristic. We show
that for an s-plateaued f ∈ WRP the subsets
Df = {x ∈ F⋆pn : f(x) = 0},
Df,sq = {x ∈ F⋆pn : f(x) ∈ SQ},
Df,sq,0 = {x ∈ F⋆pn : f(x) ∈ SQ ∪ {0}},
Df,nsq = {x ∈ F⋆pn : f(x) ∈ NSQ}
(6)
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are partial difference sets in (Fpn,+) when n + s is an even integer. Actually, we
have
Df = Df,0 \ {0}, Df,sq =
⋃
j∈SQ
Df,j, Df,sq,0 =
⋃
j∈SQ
Df,j ∪Df and Df,nsq =
⋃
j∈NSQ
Df,j
where Df,j is defined in (2) for every j ∈ Fp. Clearly, we have −Df = Df , −Df,sq =
Df,sq, −Df,sq,0 = Df,sq,0 and −Df,nsq = Df,nsq since f(x) = f(−x) for every x ∈ Fpn.
Lemma 7. [1] Let n+ s be an even integer, f ∈ WRP and l be given by Proposition
2. Then we have
p−1∑
k,t=1
k+t6=0
Lv = (p− 2) (pDf,0 − Fpn) ,
where v = (k1−l + t1−l)
1
1−l .
We now establish the main results of this subsection, which require to compute
the squares D2f , D
2
f,sq, D
2
f,sq,0 and D
2
f,nsq in C[(Fpn,+)].
Theorem 2. Let n + s be an even integer, f ∈ WRP and Df defined in (6). Then
Df is a (v, d, λ1, λ2)-PDS in (Fpn,+), where
v = pn,
d = pn−1 + ǫη0(−1)(p− 1)√p∗n+s−2 − 1,
λ1 = p
n−2 + ǫη0(−1)(p− 1)√p∗n+s−2 − 2,
λ2 = p
n−2 + ǫη0(−1)√p∗n+s−2.
Proof. By Lemma 6, for a = b = 0, we clearly have
p2Df,0Df,0 = (p− 1)pn + (2p#Df,0 − pn)Fpn + ǫ√p∗n+s
∑
k,t,k+t6=0
k1−l+t1−l=v1−l
Lv
= (p− 1)pn + ǫ(p− 2)p√p∗n+sDf,0 + (2p#Df,0 − pn − ǫ√p∗n+s(p− 2))Fpn,
where we used Lemma 7 in the last equality. Recall that #Df,0 = p
n−1+ǫη0(−1)(p−
1)
√
p∗
n+s−2
by Lemma 4 and Df = Df,0 \ {0}. Then we get
p2(Df + 0)
2 = (p− 1)pn + ǫ(p− 2)p√p∗n+s(Df + 0)
+(2pn + ǫ2η0(−1)p(p− 1)√p∗n+s−2 − pn − ǫ√p∗n+s(p− 2))Fpn.
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With the simple computation, we obtain the following equation
D2f =
(
pn−2(p− 1) + ǫη
n+s
2
0 (−1)(p− 2)p
n+s−2
2 − 1
)
+
(
ǫη
n+s
2
0 (−1)(p− 2)p
n+s−2
2 − 2
)
Df +
(
pn−2 + ǫη
n+s
2
0 (−1)p
n+s−2
2
)
Fpn,
from which one can deduce the desired parameters by (1).
The following lemma follows directly from [1, Lemma 2 and the proof of Theorem
2].
Lemma 8. Let n+ s be an even integer, f ∈ WRP and l be given by Proposition 2.
Then we have ∑
a,b∈SQ
p−1∑
k,t=1
k+t6=0
ξ−at−bkp Lv = pDf,sq −
(p− 1)
2
Fpn,
where v = (k1−l + t1−l)
1
1−l .
Theorem 3. Let n+s be an even integer, f ∈ WRP and Df,sq defined by (6). Then
Df,sq is a (v, d, λ1, λ2)-PDS in (Fpn,+), where
v = pn,
d = (p−1)
2
(
pn−1 − ǫη0(−1)√p∗n+s−2
)
,
λ1 =
1
4
pn−2(p− 1)2 − ǫη0(−1)12(p− 3)
√
p∗
n+s−2
,
λ2 =
1
4
pn−2(p− 1)2 − ǫη0(−1)12(p− 1)
√
p∗
n+s−2
.
Proof. By Lemma 6, by noting that n + s is even, we get that
p2D2f,sq = p
2
∑
a,b∈SQ
Df,aDf,b
=
∑
a,b∈SQ
p−1∑
k=1
pnξk(a−b)p + (2p#Df,1 − pn)Fpn + ǫ
√
p∗
n+s
p−1∑
k,t=1
k+t6=0
ξ−at−bkp Lv
 ,
where v = (k1−l + t1−l)
1
1−l . One can easily observe that∑
a,b∈SQ
p−1∑
k=1
pnξk(a−b)p =
pn(p−1)(p+1)
4
,∑
a,b∈SQ
(2p#Df,1 − pn)Fpn =
(
pn(p−1)2
4
− ǫ (p−1)2
2
√
p∗
n+s
)
Fpn,
(7)
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where #Df,1 = p
n−1 − ǫη0(−1)√p∗n+s−2 by Lemma 4. Hence, combining Lemma 8
and the above results in (7), we get
p2D2f,sq =
pn(p−1)(p+1)
4
+
(
pn(p−1)2
4
− ǫ (p−1)2
2
√
p∗
n+s
)
Fpn + ǫ
√
p∗
n+s (
pDf,sq − p−12 Fpn
)
= C1 + C2Df,sq + C3Fpn,
where C1 =
1
4
pn(p−1)(p+1), C2 = ǫp√p∗n+s and C3 = 14pn(p−1)2−ǫ12p(p−1)
√
p∗
n+s
from which one can deduce the desired parameters by (1).
Remark 1. With the same proof of Theorem 3, one can observe that Df,nsq defined
in (6) is a (v, d, λ1, λ2)-PDS in (Fpn,+) with the same parameters of Theorem 3.
The following theorem follows directly from Theorem 3 with a slight modification.
Theorem 4. Let n + s be an even integer, f ∈ WRP and Df,sq,0 defined in (6).
Then Df,sq,0 is a (v, d, λ1, λ2)-PDS in (Fpn,+), where
v = pn,
d = (p+1)
2
pn−1 + ǫη0(−1) (p−1)2
√
p∗
n+s−2 − 1,
λ1 =
1
4
pn−2(p− 1)2 − 2 + ǫη0(−1) (p−1)2
√
p∗
n+s−2
,
λ2 =
1
4
pn−2(p− 1)2 + ǫη0(−1) (p−1)2
√
p∗
n+s−2
.
Proof. We have clearly that Df,sq,0 = Df,sq ∪Df from (6). Then
D2f,sq,0 = (Df +Df,sq)(Df +Df,sq).
Hence, the desired parameters follow from Theorems 2 and 3 with the same group
ring computations.
3 Conclusion
In this paper, inspired by the works of [1, 8], to construct association schemes and
strongly regular graphs we push further the use of weakly regular plateaued func-
tions over finite fields of odd characteristic introduced by Mesnager et al. [5]. By
generalizing the construction methods given in [1, 8], we obtain a family of p-class
association schemes and strongly regular graphs with three types of parameters from
weakly regular p-ary plateaued functions, where p is an odd prime. The paper pro-
vides the first constructions of association schemes and strongly regular graphs from
weakly regular plateaued functions over finite fields of odd characteristic.
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